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A SPECIFIC CASE OF A FAMILY OF SYMMETRIC MATRICES
THAT ARE SIMULTANEOUSLY DIAGONALIZABLE VIA
CONGRUENCE
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Abstract: This paper establishes a new condition for a specific family of symmetric matrices
to be simultaneously diagonalizable via congruence. The paper considers a structured family
of symmetric matrices satisfying a particular rank condition, which ensures the existence of
a nonsingular congruence transformation that simultaneously diagonalizes all the initial
matrices. Explicit examples are provided to illustrate the sharpness of our condition.
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1. INTRODUCTION

In matrix theory, the problem of
simultaneous diagonalization is a crucial topic
with numerous applications in optimization,
control systems, and numerical linear
algebra. When considering a set of matrices,
we are often interested in simplifying them
through linear transformations. Two common
methods are simultaneous diagonalization
via similarity (SDS) and simultaneous
diagonalization via congruence (SDC).

Definition 1.1. The square matrices A,
A, ..., A aresaid to be simultaneously
diagonalizable via similarity (SDS) if there
exists an invertible matrix P such that each

transformed matrix
P'APi=1,2,...,m,

is diagonal, where P denotes the inverse
of P.

Definition 1.2. The square matrices A,
A, ..., A are said to be simultaneously
diagonalizable via congruence (SDC) if
there exists an invertible matrix P such that
each transformed matrix

PAPi=1,2,...,m,

is diagonal, where P* denotes the

conjugate transpose of P.

Among these, simultaneous
diagonalization via congruence of matrices
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is particularly useful when dealing with
symmetric matrices, quadratic forms,
and quadratically constrained quadratic
programming (QCQP).

The  problem  of  simultaneous
diagonalization of matrices has been
extensively studied for decades, with
significant contributions from Au-Yeung
(1970), Uhlig (1973), Greub (1975), Uhlig
(1976), Becker (1980), and many others.
However, most existing results primarily
focus on necessary and sufficient conditions
for two matrices to be simultaneously
diagonalizable.

The problem of determining necessary
and sufficient conditions for a family of
m square matrices of the same order to
be simultaneously diagonalizable via
congruence was listed among the open
problems proposed by Hiriart-Urruty
and Torki (2002), later included in
HiriartUrruty (2007).

After that, Jiang and Li (2016) provided
the necessary and sufficient conditions
for two matrices to be simultaneously
diagonalizable via congruence. They
also established necessary and sufficient
conditions for a finite family of matrices
to be simultaneously diagonalizable under
the assumption that there exists a positive
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semidefinite linear combination of them,
i.e., there exist scalars A, 4,, . . ., 4 such
that A A +1 A+ - +L A is a positive
semidefinite matrix.

More recently, Le Thanh Hieu and
Nguyen Thi Ngan (2022) and Nguyen Thi
Ngan (2024) have provided a comprehensive
study of the SDC problem, addressing
both theoretical aspects and computational
applications.

Although SDC has been widely explored
infields such as differential geometry, control
theory, optimization, etc. the characterization
of a family of symmetric matrices that
can be simultaneously diagonalized

via congruence remains a fundamental
problem. The key question is: Under what
conditions can a family of symmetric
matrices be simultaneously diagonalized by
a congruence transformation?

This paper investigates a specific case of
a family of symmetric matrices satisfying
this condition and analyzes its fundamental
properties.

2. MAIN RESULTS

Lemma 2.1. Two symmetric matrices A
and B are simultaneously diagonalizable
via similarity if and only if they commute
with each other (Horn and Johnson, 2013).

Theorem 2.2. If A and B are of the following form

A 0 - 0
0 Ay --- 0

A= B =
0 0 A,

where

B, 0 --- 0
0 By, - 0
o | lsm<n,
0 0 B,

o Ap, 1 <k <m, are symmetric matrices with diagonal elements equal to each other and

equal to ay.

o Br="bil + tp(Ay— ail) are symmetric, t,, € R\ {0}.

Then A and B are SDS.

Proof. According to Corollary 2.1, we need to prove that if the matrices A and B have a block

diagonal form with blocks Ay and By, satisfying the given conditions, then AB = BA.

AB 0 0
0 AB, -~ 0
AB = . 2- 2 . ?
0 0 A, B,

BiAr 0 - 0

0 By - 0
BA = . 2- 2 .

0 0 BuAm
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Thus, the problem reduces to proving 4B, = BA_  for every k.
Substituting the expressions for 4, =a /+ A’ and B = b 1+t A’. We obtain:

AB, = (al+AR)bI+tA)=abl+tad +bA' +147,
BA = (bI+tA'Yal+A")=abl+bA" +tad +1A"

Since 4 B, = B A, for all k, it follows that 4B = BA.

Le Thanh Hieu and Nguyen Thi Ngan (2022) provided a counterexample showing that
the commutativity condition is only sufficient, not necessary, for a family of Hermitian
matrices to be simultaneously diagonalizable via congruence. Therefore, we proceed to

compute the following specific cases.

Lemma 2.3. According to Theorem 2.2, with n = 2, two matrices A = and B =
c a
/ b ke | are SDS by a nonsingular matrix P and SDC by a unitary matrix U.
\kc b
x/ yl
Proof. Consider matrix P = such that
2t
at'x’ — cax'y' +ct'y — ay' ct”? — cy”?
1 - Hy! — y’z’ Hay! — ylzl
PAP = cx' — ¢ at'x’ +ca'y —ct'y —ay'd |’
Ha! — y’z’ Ho! — y’z’
bt'x’ — cka'y' + ckt'z' — by’ ckt’? — cky"
1 _ Hao! — ol 2! ! — ylzl
PBP = cka’? — ckz" bt'a’ + cka'y' — ckt'z — by’ 2’
Hay! — ylzl ! — y’z’
are diagonal. That is
fIJ/Q o z/2 =0
t/2 _ y/2 — O
x x x x
We have 4 , Y , Y , Y . However, since det(P) # 0, we
ry —r Yy r -y —r Y
Ty Zz Y
exclude the two cases and
r 'y —r Y
. . ry
Consider matrix U = such that
z
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axx + cxz +czx +azz ayr + cyz + ctr + atz
U AU = B B B ]
axy + cxt + czy + azt  ayy + cyt + cty + att

U BU brx + kcxz + kezx + bzzZ  byx + keyz + kctx + btz
bxy + kcxt + kezy + bzt byy + keyt + kety + btt
are diagonal. That is
ayx + cyz + ctx +atz =0
axy + cxt + czyj +azt =0

byx + kcyz + ketx + btz =0

bxy + kext + kezy + bzt =0

Through direct computation, we obtain or . Since U is a unitary matrix,

-y T -y
U* = U~ Then, z,y are complex numbers lying on the circle centered at O with radius
1

V2
Theorem 2.4. Given two matrices A and B of the form described in Theorem 2.2, where each

Ap, Yk =1,...,m is a matrix of order at most 2, then A and B are SDC by a unitary matrix.

Proof. The proof is based on the result of Lemma 2.3.

120
Example 2.1. Find a unitary matrix that simultaneously diagonalizes two matrices A= | 2 1 0
0 0 3
4 6 0 T Y z
and B= |6 4 0| viacongruence. Suppose that U = | + ¢ o | is the desired matrix.
007 a b c
Then U satisfies

U*AU =

xT + 2T + 2ot + tt + 3aa  yT + 2uT + 2yt +ut +3ba 2T + 20T + 2zt + vt + 3ca
Ty + 2ty + 220 + tu + 3ab  yy + 2uy + 2yu + ui + 3bb 2y + 20§ + 224 + v + 3cb
TZ+ 2tZ 4 200 +tv + 3ac  yzZ + 2uz + 2yv + uv + 3bc  zZ + 20z + 220 4+ vo + 3cc
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U'BU =

ArT + 6tT + 62t + 4tt + Taa  4yT + 6uT + 6yt + dut + Tba 42T + 6vT + 62t + 4ot + Tca
4ay + 6ty + 620 + 4tu + Tab  4yy + 6uy + 6yt + 4ut + 7bb 4z + 6vy + 624 + dvi + Tcb
daz + 6tz + 620 + 4tv + Tac  4yZ + 6uz + 6yv + duv + 7bc 42z + 6vZ + 620 + 4vv + Tcc

are diagonal. Solve a system of 12 equations, where all elements outside the main diagonal
of the two matrices U*4U and U*BU are equal to 0, and thus obtain the matrix U in the
form

z y 0

—x y 0| .For Uto be a unitary matrix, U satisfies U* = U~/

0 0 ¢
1 1

P — —— 0

r —x 0 QIZ %x
SHy 9 0=y g °
0 c 0 0 1
c

: . . : .1
In this case, x and y are complex numbers lying on the circle centered at O with radius ﬁ’ and

c is a complex number lying on the circle centered at O with radius 1, then U simultaneously

diagonalizes A and B via congruence. Specifically
U*AU = diag(—2x7, 6yy, 3¢*), U*BU = diag(—4x7, 20yy, 7c*).

Corollary 2.5. Given two atrices A Bas described n theorem 2.4, fthere exists 1 <k <m

such that t, =ty and tpa, + bpy1 = tragsq + by then

A 0 0 0 B, 0 0 0

0 A, K 0 0 By, 4K 0
M k N = k k

0 KT A 0 0 tKT B 0

0 0 0 A, 0 0 0 B,

are SDS, where K is a matrix with the number of rows equal to the order of matrix A, and
the number of columns equal to the order of matrix A,
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Proof. For blocks outside the rows and columns associated with k and & + 1, the matrices M
and N remain block diagonal. We compute their products in the relevant positions.

« The block (&, %)

(MN),,=A,B, +tKK",
(NM),, =B A, +1,KK".

Using the result 4,8, = B,A4, in the proof of Theorem 2.2, we obtain:
AB, +KtK"=BA +tKK"

Since multiplication is associative, the terms involving K remain unchanged, so the
expressions are equal. Similar to the block (k+ 1, £+ 1).

* The block (k, £+ 1)

(MN)k,kH =4 A K+ KB

k+17

(NM)k,k+1 - BkK + ZLl’cI<Ak+l'

Using the assumptions t,a, + b, = t,a,,

+b,, we see that:

t(AK)+KB_  =BK+1KA,, .

Since B, = bl + tA', and B,, = b_ I + 1A’

expressions are equal.
* The block (k + 1, k)

..;» the assumption ensures that both

(MN),., = K'4,+14, K,

[ 52

(NM)kH,k - [kKTAk + Bk+1KT'

Again, substituting the condition za, +
b, =ta, +b,wegetbothexpressions are
equal.

Since all relevant blocks satisfy (MN)U.
= (NM)ij, it follows that MN = NM. Hence,

M and N are SDS.

The above results provide a specific
condition for block diagonal matrices to
be SDS and SDC. Moreover, we extended
previous results by considering cases where
off-diagonal block structures are introduced
while preserving commutativity under
congruence transformations.

Some questions remain open for further
exploration:

» Generalization to Hermitian matrices:
Can similar results be obtained for
Hermitian matrices? What conditions

would be necessary for simultaneous
diagonalization in this case?

* Applications in Optimization: How can
the established SDC conditions be applied
to quadratically constrained quadratic
programming (QCQP)? (Anstreicher, 2012)

* The current results focus on block
diagonal ~ matrices  with  symmetric
submatrices. How would the conditions
change if we consider more complex blocks?

* How do these results relate to other
decomposition techniques, such as the Schur
decomposition or Jordan decomposition?
(Stewart, 1985)

3. CONCLUSION

In this paper, we have investigated
the conditions under which a family
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of symmetric block diagonal matrices
can be simultaneously diagonalized
via congruence. We provided sufficient
conditions for symmetric block matrices
to be simultaneously diagonalizable via
congruence, focusing on cases where each
block is of size at most 2 (Theorem 2.4).
These conditions are built upon a specific
relation between sub-blocks, ensuring that
the matrices commute under congruence
(Theorem 2.2). Additionally, we extended
these conditions to accommodate matrices
with additional off-diagonal blocks, while
still preserving SDS through commutativity
(Corollary 2.5).
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MQT TRUONG HQP CU THE CUA MOT HQ MA TRAN POI XUNG
CHEO HOA TUONG PANG PONG THOI PUQC

Vo Duc Tu Duy
Phong Quan Iy Khoa hoc va Hop tac Quéc té, Truong Pai hoc Phan Thiét, Viét Nam

Tém tit: Bai bdo nay thiét lgp mét diéu kién méi cho mét truong hop cu thé ciia mét ho
ma tran doz xung chéo hoa twong dang dong thoi duwoc. Chiing toz xét mét ho ma trdn doi
xitng ¢é cdu triic théa man mét dzeu kién ddc biét, dam bdo si ton tai ciia mot ma trdn kha
nghich lam chéo hoa dong thoi tat ca cde ma trdn trén. Céac vi du cu thé duoc dwa ra nham
minh hoa tinh chdt ché cia diéu kién nay.

Tir khéa: chéo hoa tiwong dang dong thoi, dang toan phwong, ma trdn doi xirng, phép bién
doi ma trdn, rang bugc toan phuwong
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Ghi chu

Téc gia xac nhan khong c6 tranh chap ve loi ich doi voi bai bao nay.
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